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is defined as part of the boundary, the unboundedness prob-
lem will be avoided for interior points near the singularity

The stability problem may be discussed along the lines
presented by Forsythe and Wasow 2 The term 1 — (ak/
2r) will be positive if « < (2r/k) If this latter condition is
met and if «,B,k,h,r are all positive and finite, Eq (7) merely
represents ¢(z,r) as a weighted average of four surrounding
points Since the boundary is specified and finite, and
since all derivatives are bounded in the region under con-
sideration, all interior points must be finite: 0 < m <
Y(r) < M < o Thus, the difference equation should
be stable throughout the region interior to the boundary
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Three-Dimensional Boundary Layers

with a Normal Wall Velocity
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1 Introduction

OOKE! applied the Stewartson? transformation, when the
crossflow is small, to the three dimensional boundary-
layer equations in compressible flow and thereby reduced
them to the equations describing a certain three-dimensional
incompressible flow  In the present note we achieve a similar
result for the case where there is a normal velocity at the
wall, thus extending the work of the writer? to three-dimen-
sional layers with small crossflow
The boundary-layer equations when the crossflow is small
have been derived by Cooke,* using streamline coordinates,
in the following form:
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The coordinate system (£, », {) with corresponding velocity
components (u, v, w) is such that { is measured normal to the
surface (occupying { = 0); g = const, { = 0 are the pro-
jections of the external streamlines on to this surface, and
& = const, { = 0 are their orthogonal trajectories The
length element dl is then given by

al? = h?(&m)dg* + r*(§,m)dn* + di*
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Cooke defined ds as the length element along the curves
g7 = const, { =0 Thus, ds = ,df and the s and £ directions
are the same In Eqs (1-4), K = —(0/0%)/lr and p, T,
u, Cp, and k are the density, temperature, viscosity, specific
heat, and thermal conductivity of the fluid The suffix e
denotes values just outside the boundary layer, and we shall
use suffixes 0 and w for values at a standard isentropic refer
ence position and the wall, respectively

As usual, for correlation we need to make three restrictive
assumptions: 1) the Prandtl number o is unity, so that
k = Cpu; 2) the viscosity is proportional to the temperature
although we may allow the proportionality factor to vary with
s and %; thus, we choose u = (uw/Tw)T, where u, is re-
lated accurately to T,; and 3) the surface is heat-insulat-
ing, T/0¢)¢=9 = 0 The boundary conditions for Hgs
(1-4) are

u=v=0 w = wy,(8s,n) OT/0¢ = 0
at{ =0
u=u(sy) v=20 T=T(sn
at§‘= ©

Under assumptions 1) and 3), the temperature can be
written in the form
T (r—1
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where v is the ratio of specific heats, and @ is the sound speed
Equation (5) is the exact solution of Eq (8), consistent with
(1) and (4), but is an approximate expression for T since it
is assumed that v K< u

2  Analysis

The analysis that follows is similar to the one used by
Gribben bearing in mind that now each unknown depends
on three independent variables That in turn was based on
Illingworth’s® original form of the correlation transformation
which treated the boundary layer equations written in the
Von Mises’ coordinates where the stream function is used as
an independent variable instead of distance normal to the
surface Thus, here, the first step is to transform to new
independent variables (z, y, ¥) where

x=s y=n ¥ = ¥(sn.5)
and ¢ is defined to satisfy (4) identically,ie,
O _reu ¥ Tew )
o¢ Po 0s P

In addition, we introduce the nondimensional velocity @ =
u/u. when Eqs (1) and (2) become
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In these equations the product up has been replaced by
Hwpw In accordance with assumption 2), the perfect gas law,
and the fact that the pressure is independent of the ¥ coordi-
nate It follows that

F(z,y) = puwpule/ po

The function ¢ is closely related to the stream function
of axisymmetric flow but is only determined from (6) to
within an arbitrary function of 9, say ¢(») Thus, the value
of ¥ at the surface is given as

X TPy

(Wm0 = ) = = [ P2 d + 90)



JANUARY 1964

The boundary conditions are then

e,y f@y)] = vlzyflzy)] =
ﬁ(z,y,c\o) =1 U(x;y,m) =0

These become independent of f(z, ¥), and the equations
are simplified on introducing the transformation

df = F(z,y)dx =y — flzy)
Equations (7) and (8) become
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in which G(8, ¥) = rpuW./poF, and the boundary conditions
are @0, y, 0) = v(6,y, 0) = v(6, y, ) = 0,%(f, y,») =1

As usual, on applying the solution (5) to the boundary
layerin a perfect gas we have

(pe/p) — @ = [l + (v — DM.2/2)(1 — &%) =

c(ao/a )1 — @?)
where ¢ = 1 + (v — 1)M%/2, M is the Mach number, and
Eqgs (9) and (10) become, finally,
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For the special case of incompressible flow denoted by
suffix 7 with density p, and viscosity ug, these equations be-
come
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with the same boundary conditioas on #;, v; as on 4, v
Hence, the two sets of equations for 4, v and #@;, v; have
identical solutions as functions of (8, y, ¢), provided that

- 0—0 (vir)
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G{0,y) = Gi(6,y) (12)
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The correlation is therefore established if the main streams
of the compressible and incompressible flows are related by
(11), a suitable integral of which is

Ui = Qole/
the wall velocities are related by (12), yielding
Wy = Moaoww/ MHule
?,nd the values of K in the two flows are related by (13), giv-
ing
K; = cpopoto’ K/ pwpw 0.2

which is equivalent to Cooke’s result
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Analogy between Three-Dimensionally
Heated Plates and Generalized Plane
Stress
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ONSIDER a thin plate of arbitrary contour C which is

subject to in-plane body forces per unit of area [X(z, y),

Y(x, y)] where z and y are midplane coordinates Assuming

that the displacements are prevented on the boundary, the

principle of stationary potential energy for this system re-
quires that!

V* =58 ff1Vo— (Xu + Yv)ldady = 0 @

where V* is the potential energy, and V, is the strain energy
per unit of area given by
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The Euler equations corresponding to (1) and (2) are the usual

two-dimensional displacement equilibrium equations which
in the present case are subject to the boundary conditions

u=v=0 onC (3)

If X and Y are replaced by [—Ecah(@T/0z)/1 — »] and
[—Eah(dT/dy)/1 — v], respectively, then the problem is
identical with that of plane stress due to temperature T'(z, y)
and no body forces 2 When the thermal gradient in the thick-
ness direction is not severe (in which case the Bernoulli-Euler
hypothesis may be employed), the above variational problem
is also analogous to the more general case for which T =
T(z, y, 2) is an even function of 2z The quantities X and Y
are then replaced by (d0N7/0z)/1 — v and — (QN¢/0y)/1 — »,
respectively, where Nz = [, EaTdz

Solutions by the Rayleigh-Ritz method require that w and »
be chosen in the form

u = Zanfalz,y)

2bngn(z, y)

where f, = g. = Oon C In the case of a rectangular plate,
for example, the displacements u and » may be expressed in
the form of a complete double Fourier series:
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where a and b are the planform dimensions of the plate Sub-
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